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1 growth series growth rate
growth series $G$
$S$ $S=S^{-1},$ $e\not\in S$ $(G, S)$ $g\in G$
$S$ $l_{S}(g):= \min\{n\in \mathbb{N}|g=s_{1}\cdots s_{n}, s_{i}\in S\}$ $l_{S}(e)=0$
$(G, S)$ growth series





growth rate $t$ Cauchy-Hadamard $\tau$ $f(t)$ $R$
2 Coxeter growth series
Coxeter [KP, Pari]
2.1. $(G, S)$ Coxeter $G$ ;
$G=<s\in S|(st)^{m_{s,t}}=e$ , for $s,$ $t\in S>$
1. $m_{s,t}=m_{t,s }$
2. $s\in S$ $m_{SS}=1$
3. $s\neq t$ $m_{s,t}\in\{2,3, \cdots, +\infty\}$
$G$ Coxeter
2.2. Coxeter $(G, S)$ Coxeter
; $s,$ $t\in S$
1. $m_{s,t}\geq 4$ $s,$ $t$ $m_{s,t}$
2. $m_{s,t}=3$ $s,$ $t$ }
3. $m_{s,t}=2$ $s,$ $t$
Coxeter $G$ Coxeter $(G, S)$ $(G, S)$ Coxeter
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2.3. (Solomon $[So|)(G, S)$ $k$ Coxeter Coxeter
( Coxeter ) growth series $f_{S}(t)$
$f_{S}(t)= \prod_{i=1}^{k}(1+t+t^{2}+\cdots+t^{m_{\dot{0}}})$
$\{m_{1}, m_{2}, \cdots , m_{k}\}$ $(G, S)$ exponents exponents ;
$S=\{s_{1}, \ldots, s_{k}\}$ Coxeter $c:=s_{\sigma(1)}\cdots s_{\sigma(k)}$ ( $\sigma$ $S$




Coxeter exponents growth series ([Hu,
$KP$] $)_{0}$ Symbol Coxeter [Hu, $R$] $[n]$ $:=1+t+t^{2}+$
$t^{n-1 }[n, m]=[n][m]$
1: Coxeter growth series
Coxeter Coxeter Coxeter
2.4. $(G, S)$ Coxeter Coxeter ( Coxeter )
growth series $f_{S}(t)$ $T_{1},$ $\ldots,$ $T_{l}\subset S$ $f_{T_{j}}(t)$ Coxeter
$(G_{T_{j}}, T_{j})$ growth series
$f_{S}(t)= \prod_{j=1}^{l}f_{T_{j}}(t)$
Coxeter growth series Coxeter growth series
2.5. (Steinberg [St]) $(G, S)$ Coxeter $T\subset S$ Coxeter $(G_{T}, T)$ growth series
$(t)$
$\frac{1}{f_{S}(t^{-1})}=\sum_{T\subset S,|G_{T}|<\infty}\frac{(-1)^{|T|}}{f_{T}(t)}$
$(G, S)$ Coxeter growth series $f_{S}(t)$ $P(t)/Q(t)$
growth function growth rate growth
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function $Q(t)$ $f_{S}(O)=1$
$P(O)=1$ $Q(O)=1$ growth rate tn $Q$ (t-l)( $n$ $Q(t)$
$)$ monic growth rate 3 2 growth rate
3 Coxeter growth rate
Coxeter Coxeter
Coxeter growth rate Coxeter
3.1 Coxeter
3.1. $X^{n}$ $n$ $\mathbb{H}_{\backslash }^{n}$ Euclid $E^{n }$ $\mathbb{S}^{n}$ $\mathbb{X}^{n}$ Coxeter
$\pi/m_{s,t}$ $( m_{8},t 2 \infty)$
$s,$ $t$ $n-1$ 2 $\pi/m_{s,t}$
Coxeter Coxeter $n-1$
$S$ $G$
3.2. Coxeter Coxeter 3.1 $(G, S)$ Coxeter
3.1 $s,$ $t$ $s,$ $t\in S$ $G$ $2.1_{\backslash }(G, S)$ Coxeter
2.2
3.2 Coxeter growth rate
$\mathbb{H}^{n}$ Coxeter Coxeter growth rate
3.3. (Cannon-Wegraich, Parry [CW, Parr]) $\mathbb{H}^{2}$ $\mathbb{H}^{3}$ compact Coxeter
growth rate Salem Salem 1
1
3.4. (Floyd [F]) $\mathbb{H}^{2}$ non-compact Coxeter growth rate Pisot-
Vijayaraghavan Pisot-Vijayaraghavan (P. $V$ . ) 1
1
Kellerhals Perren 4 compact Coxeter 6
growth rate Salem Perron
[KP] Perron 1
3.3
$\mathbb{H}^{3}$ non-compact growth function Steinberg
[KU, $U$]
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3.5. ( (Komori- $U$)) $\mathbb{H}^{3}$ non-compact Coxeter Coxeter
growth rate Perron


































non-compact Coxeter growth function
. $(k, l, m, n)=$ (2,3,2,3): $(t-1)(t^{5}+2t^{4}+2t^{3}+t^{2}-1)$. $(2,3,2,4)$ : $(t-1)(t^{7}+t^{6}+2t^{5}+t^{4}+2t^{3}+t-1)$. $(2,3,3,3)$ : $(t-1)(t^{4}+2t^{3}+t^{2}+t-1)$. $(2,3,3,4)$ : $(t-1)(t^{7}+2t^{6}+2t^{5}+2t^{4}+2t^{3}+t^{2}+t-1)$. $(2,3,4,4)$ : $(t-1)(t^{5}+t^{4}+t^{3}+2t-1)$. $(2,4,2,4)$ : $(t-1)(t^{4}+2t^{3}+t^{2}+t-1)$. $(2,4,3,3)$ : $(t-1)(t^{7}+2t^{6}+2t^{5}+3t^{4}+2t^{3}+t^{2}+t-1)$. $(2,4,3,4)$ : $(t-1)(t^{8}+2t^{7}+3t^{6}+3t^{5}+3t^{4}+3t^{3}+t^{2}+t-1)$. $(2,4,4,4)$ : $(t-1)(2t^{4}+3t^{3}+2t^{2}+t-1)$. $(3,3,3,3)$ : $(t-1)(t^{2}+2t-1)$. $(3,3,3,4)$ : $(t-1)(t^{5}+2t^{4}+t^{2}+2t-1)$
$o(3,3,4,4)$ : $(t-1)(t^{5}+2t^{4}+t^{3}+t^{2}+2t-1)$. $(3,4,3,4)$ : $(t-1)(t^{6}+t^{5}+2t^{4}+t^{3}+t^{2}+2t-1)$
$o(3,4,4,4)$ : $(t-1)(2t^{6}+t^{5}+2t^{4}+2t^{3}+t^{2}+2t-1)$
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. $(4,4,4,4)$ : $(t-1)(4t^{3}+t^{2}+2t-1)$. $(k, l, m)=(5,2,2)$ :
$(t-1)(t^{13}+t^{12}+2t^{11}+2t^{10}+3t^{9}+2t^{8}+3t^{7}+2t^{6}+3t^{5}+t^{4}+2t^{3}+t-1)$. $(5,2,3)$ : $(t-1)(t^{9}+t^{8}+2t^{6}+t^{4}+t^{3}+2t-1)$. $(5,3,2)$ :
$(t-1)(t^{15}+2t^{14}+3t^{13}+5t^{12}+5t^{11}+7t^{10}+6t^{9}+7t^{8}+6t^{7}+6t^{6}+5t^{5}+3t^{4}+3t^{3}+t-1)$. $(5,3,3)$ : $(t-1)(t^{9}+t^{8}-t^{7}+3t^{6}-t^{5}+t^{4}+2t^{3}-2t^{2}+3t-1)$. $(5,4,2)$ ,
$(t-1)(t^{13}+t^{12}+2t^{11}+2t^{10}+3t^{9}+2t^{8}+3t^{7}+2t^{6}+3t^{5}+t^{4}+3t^{3}-t^{2}+2t-1)$. $(5,4,3)$ : $(t-1)(t^{9}+t^{8}+2t^{6}+3t^{3}-2t^{2}+3t-1)$. $(5,5,2)$ :
$(t-1)(t^{11}+t^{10}+t^{9}+2t^{8}+t^{7}+2t^{6}+t^{5}+2t^{4}+t^{3}+2t-1)$. $(5,5,3)$ : $(t-1)(t^{7}+t^{6}-t^{5}+2t^{4}-t^{2}+3t-1)$. $(5,6,2)$ :
$(t-1)(t^{14}+2t^{13}+3t^{12}+4t^{11}+5t^{10}+5t^{9}+5t^{8}+5t^{7}+5t^{6}+5t^{5}+3t^{4}+3t^{3}+t^{2}+t-1)$. $(5,6,3)$ :
$(t-1)(2t^{10}+t^{9}+2t^{8}+t^{7}+2t^{6}+2t^{5}+t^{4}+2t^{3}+t^{2}+2t-1)$. $(6,2,2)$ : $(t-1)(t^{6}+2t^{5}+t^{4}+t^{3}+t^{2}+t-1)$. $(6,2,3)$ : $(t-1)(2t^{5}+t^{4}+t^{3}+2t-1)$. $(6,3,2)$ : $(t-1)(t^{8}+2t^{7}+3t^{6}+3t^{5}+3t^{4}+2t^{3}+t^{2}+t-1)$. $(6,3,3)$ : $(t-1)(2t^{7}+t^{6}+4t^{5}+t^{4}+3t^{3}+2t-1)$. $(6,4,2)$ : $(t-1)(t^{8}+2t^{7}+3t^{6}+4t^{5}+3t^{4}+3t^{3}+t^{2}+t-1)$. $(6,4,3)$ : $(t-1)(2t^{8}+3t^{7}+5t^{6}+6t^{5}+5t^{4}+4t^{3}+2t^{2}+t-1)$. $(6,6,2)$ : $(t-1)(2t^{6}+3t^{5}+2t^{4}+2t^{3}+2t^{2}+t-1)$
(6, 6, 3) : $(t-1)(4t^{5}+t^{4}+2t^{3}+t^{2}+2t-1)$
1 Heckman [He]
$t^{m}+t^{m-1}+\cdots+t+1$
$(k, l, m)=(5,3,3),$ $(5,4,2),$ $(5,4,3),$ $(5,5,3)$
$\sum_{k=1}^{n}b_{k}t^{k}-1,$ $b_{k}\geq 0$
key claim
3.6. 2 $g(t)= \sum_{k=1}^{n}b_{k}t^{k}-1$ $b_{k}$ $\{k\in \mathbb{N}|b_{k}\neq 0\}$
1 $g(t)$ $(0,1)$
Remark 3.7. $\mathbb{H}^{3}$ non-compact growth rate Perron
P. $V$ .
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Remark 3.7 key claim
3.8. 2 $g(t)= \sum_{k=1}^{n}t^{k}-1$ ( ) $\{t\in \mathbb{C}||t|<1\}$
$|t|=1$
Coxeter growth rate
3.9. (Kellerhals-Perren) Coxeter growth rate Perron
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